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Four stages of droplet spreading on a spherical substrate and in a spherical cavity
-Surface tension versus line tension and viscous dissipation versus frictional
dissipation-
Masao Iwamatsu
Tokyo City University, Setagaya-ku, Tokyo 158-8557, Japan ∗
(Dated: December 18, 2018)
The spreading of a cap-shaped spherical droplet of non-Newtonian power-law liquids on a com-
pletely wettable spherical substrate is theoretically studied. Both convex spherical substrates and
concave spherical cavities with smooth or rough surfaces are considered. The droplet on a rough
substrate is modeled by either the Wenzel or the Cassie-Baxter model. The two sources of driving
force of spreading by the surface-tension and the line tension are considered. Also, the two channels
of energy dissipation by the viscous dissipation within the bulk and the frictional dissipation at the
contact line are considered. A combined theory of spreading on a spherical substrate is constructed
by including those four factors. The spreading process is divided into four stages, each of which is
governed by one of two driving forces and one of two dissipations. It is found that the dynamic
contact angle θ has a characteristic time (t) dependence at each stage. It does not necessarily follow
the standard power law θ ∼ t−α. Instead, the relaxation can be a power-law with the exponent
α different from that on a flat substrate, or it can be exponential or it can finish within a finite
time. Therefore, various spreading scenarios on a spherical substrate and in a spherical cavity are
predicted.
PACS numbers: 68.08.Bc
I. INTRODUCTION
The wetting and spreading of a liquid droplet on a flat
solid substrate has been studied theoretically as well as
experimentally for more than a century, because it plays
fundamental roles in many natural phenomena and in-
dustrial applications [1–5]. Although the spreading of
liquid on solid substrates is a complicated phenomena
where many factors come into play, the time evolution of
spreading on a flat [3, 4, 6–10] solid substrate is usually
described by amazingly simple universal power laws. The
most well-known law called Tanner’s law, which describes
the spreading on flat substrate, has been derived theoret-
ically from several different approaches [3, 7, 8] and con-
firmed experimentally [8, 10–14] and numerically [15, 16].
However, the wetting and spreading on a curved sub-
strate [17–21] and the intrusion and spreading within a
curved wall of cavity [22–27] attract less scientific atten-
tion even though they are also ubiquitous. So far, most of
the theoretical as well as experimental works of spreading
are confined to the spreading on a flat substrate except
for a few theoretical works on a spherical substrate [28–
30].
The spreading of a cap-shaped droplet on a com-
pletely wettable spherical substrate was considered theo-
retically [28–30]. However, only the late stage of spread-
ing was considered by employing the energy balance
approach [3, 28], where the viscous energy dissipation
within the bulk of the droplet is balanced by the driv-
ing force of spreading by the surface tension and the line
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tension. Various power laws similar to Tanner’s law with
different spreading exponents were deduced. It turned
out that the spreading on a spherical substrate is totally
different from that on a flat substrate [28–30]. In partic-
ular, the contact-line radius shrinks and disappears on a
completely wettable spherical substrate while it expands
to infinity on a flat substrate. Then, the effect of line
tension [2, 31, 32] in addition to the surface tension [1]
can be non-negligible on a spherical substrate for nano
droplets [28–30, 32] because the effect of line tension is
inversely proportional to the contact-line radius. In fact,
not only the power-law spreading but also the faster ex-
ponential and the finite time spreadings have been pre-
dicted [28, 29] when the line tension dominates over the
surface tension.
However, it becomes well recognized that the spread-
ing process is divided into several stages or regimes, each
of which is characterized by different spreading expo-
nents [11–14]. In fact, Tanner’s hydrodynamic regime
characterized by the viscous dissipation is believed to be
preceded by the molecular-kinetic regime characterized
by the frictional dissipation at the contact line [11, 12]
and the initial inertia spreading regime [33–35]. The
molecular kinetic theory (MKT) [10, 15, 36–38], which
describes the spreading at the molecular-kinetic regime
characterized by the frictional dissipation becomes in-
creasingly popular. Recent molecular dynamics simula-
tions of the spreading of nano droplets revealed that the
friction coefficient becomes comparable to the dynamic
viscosity [39, 40].
The MKT uses the energy balance approach where the
frictional energy dissipation at the contact line of droplet
is balanced by the driving force of spreading by the sur-
face tension. A combined theory which includes both the
2viscous dissipation and the frictional dissipation was also
developed [11, 12, 15]. However, they were formulated
only on a flat substrates. Furthermore, only the surface
tension is considered as the driving force of spreading. In
the present study, we attempt to develop a more general
combined theory of spreading on a spherical substrate,
where we include two channels of dissipation due to the
viscous dissipation and the frictional dissipation. In ad-
dition, we include two driving forces of spreading due to
the surface tension and the line tension. A combination
of those four factors leads to the four stages of spreading.
Therefore, we revise and enlarge our previous study [28–
30] by including the frictional dissipation. However, we
will not consider the very initial stage [33–35] and the
final relaxation stage [11, 12] of spreading. Also, we will
consider droplets and substrates which are smaller than
the capillary length [3] so that the effect of gravity is
assumed to be negligible.
This paper is organized as follows. In Sec. II, we
present the basic equation of combined theory on a spher-
ical substrate based on the energy balance approach. For
the sake of completeness, we will include the spreading
not only on a spherical substrate but also in a spheri-
cal cavity. We also include spreading on a rough sub-
strate [29, 41–43] based on the Wenzel [44, 45] and the
Cassie-Baxter [45, 46] model as well. In Sec. III, we
characterize each stage of spreading by the time evolu-
tion law of dynamic contact angle. Finally, in Sec. IV, we
conclude by emphasizing the implication of our results to
future experiments and simulations.
II. ENERGY BALANCE APPROACH
We consider the late stage of spreading of a spherical
cap-shaped droplet with a convex meniscus on a con-
vex spherical substrate [Fig. 1(a)] and that of a lens-
shaped droplet with a concave meniscus on an inner wall
of concave spherical cavity [Fig. 1(b)]. The temporal
radius of the droplet is denoted by r = r (t) and that
of the substrate is denoted by R. We consider the late
stage of spreading when the contact line locates on the
lower hemisphere (lower half) of the spherical substrate
so that the half of the central angle φ defined in Fig. 1
satisfies φ > pi/2 [28–30]. Since we consider the com-
pletely wettable substrate, the contact line L shrinks
and approaches the south pole S of the spherical sub-
strate (φ → pi). The radius of the contact line vanishes
(rL = R sinφ → 0) when the spreading is completed,
and the whole substrate wall is covered by the liquid.
The novelty of this late stage spreading on a spherical
geometry is that the contact line goes round the equa-
tor of the substrate and cuts in the lower hemisphere.
Then, the droplet wets the substrate almost completely
but the contact line shrinks rather than expands as shown
in Fig. 1.
In the energy balance approach [3, 28], the spreading
is assumed to be slow so that the work done by the driv-
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FIG. 1. (a) A droplet on a convex spherical substrate spread-
ing toward the south pole S of the spherical substrate. The
three phase contact line L and its radius rL shrink towards the
south pole S. The meniscus of the droplet is always convex.
(b) A droplet in a concave spherical cavity. The meniscus
of the droplet is concave in the late stage. (c) and (d) The
spreading front of the droplet is approximated by the wedge
on a flat surface. Two cut-off distances r1 and r2 are necessary
to calculate viscous dissipation.
ing force must be consumed by the energy dissipation.
The driving force fL per unit length at the three-phase
contact line L is given by the sum,
fL = fs + fl, (1)
of the capillary force or surface tension force fs of the
unbalanced surface tension given by
fs = σLV (cos θe − cos θ) , (2)
and the line tension force fl given by
fl = − τ
R tanφ
, (3)
where σLV is the liquid-vapor surface tension, τ is the
line tension acting at the contact line, θ is the dynamic
(temporal) contact angle, θe is the equilibrium contact
angle, which is θe = 0 (complete wetting) and φ is the
half of the central angle (Fig. 1), which is related to the
dynamic contact angle θ through
tanφ =
r sin θ
R− r cos θ (sphere), (4)
tanφ = − r sin θ
R− r cos θ (cavity). (5)
Note that the radius r of the droplet is also a function
of the contact angle θ because the total volume of the
droplet is preserved.
When the contact line locates on the upper hemisphere
of a hydrophobic substrate, a positive line tension leads
to a shrinking contact line towards the north pole N of
the upper hemisphere [Fig. 2(a) and (b)]. Then, the pos-
itive line tension induces the complete drying (dewetting)
3transition, which is similar to that on a flat substrate [47].
On the other hand, when the contact line locates on the
lower hemisphere of a hydrophilic substrate, the posi-
tive line tension leads to a shrinking contact line towards
the south pole S of the lower hemisphere [Fig. 2(c) and
(d)]. The positive line tension can also induce the com-
plete wetting (spreading) transition on a spherical sub-
strate [48–50], which is absent on a flat substrate because
the positive line tension always resists to the spreading.
Then, the complete wetting on a spherical substrate will
be accelerated by the positive line tension on a spherical
substrate. In this paper, we will not consider the dewet-
ting [51, 52], but we will concentrate on the spreading
towards the complete wetting state when the line ten-
sion is positive.
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FIG. 2. (a) Dewetting (complete drying) by a positive line
tension on the upper hemisphere of a hydrophobic convex
spherical substrate, and (b) in a hydrophobic concave spheri-
cal substrate. (c) Spreading (complete wetting) on the lower
hemisphere of a hydrophilic convex spherical substrate and
(d) in a hydrophilic concave spherical cavity. Although only
the complete drying is possible by a positive line tension on a
flat substrate, not only the complete drying but also the com-
plete wetting is possible on a convex and a concave spherical
substrate.
On the lower hemisphere of a spherical substrate, the
total driving force at the contact line [28]
fL = σLV (cos θe − cos θ)− τ
R tanφ
(6)
is always positive if θ > θe and φ > pi/2 and τ > 0. The
effective equilibrium contact angle θ′e determined from
fL = 0 is expressed as
cos θ′e = cos θe −
τ˜
tanφ′
, (7)
where the half of the central angle φ′ corresponds to the
effective contact angle θ′e through Eqs. (4) and (5) and
τ˜ =
τ
σLVR
(8)
is the scaled line tension relative to the surface tension.
Suppose, τ = 1 nN [31, 32] σLV = 73 mNm
−1 (water),
and the radius of the sphere and the cavity is R = 100
nm, then the scaled line tension is τ˜ ≃ 0.13. Therefore,
the effect of line tension cannot be neglected on a nano
scale spherical substrate. When the contact line locates
on the lower hemisphere (Fig. 1), the half of the central
angle φ satisfies φ > pi/2, and the positive line tension
τ˜ > 0 always accelerates wetting so that the effective
equilibrium contact angle θ′e becomes smaller than the
equilibrium contact angle θe. Although Eq. (6) is de-
rived for the droplet on a spherical substrate [28], the
same equation can be easily derived for the droplet in a
spherical cavity [50].
The above estimation τ˜ ≃ 0.13 seems almost an upper
limit of the scaled line tension since the absolute val-
ues for line tensions reported in the literature are in the
pN to µN range [31, 32, 53]. However, the issue of the
magnitude of line tension is not conclusive. There are
some arguments that the line tension could depend on
the size of the droplet and become larger for macroscopic
droplets than that for nanoscale droplets [32, 54–56]. In
fact, the line tension cannot be constant, in particular,
in the last stage of spreading when θ → 0 because the
effective equilibrium contact angle θ′e cannot be defined
since the line-tension contribution in Eq. (7) diverges as
θ → 0 or φ→ pi/2. Then, the line tension should depend
on the contact angle θ to avoid divergence [57–59]. We
will return to this problem at the end of Sec. IIID.
On a smooth substrate shown in Fig. 3(a), the equi-
librium contact angle θe of the droplet (free droplet) is
given by the Young’s angle θe = θY determined from
the liquid-vapor (LV) surface tension σLV, the solid-liquid
(SL) surface tension σSL, and the solid-vapor (SV) sur-
face tensions σSV through
cos θY =
σSL − σSV
σLV
, (9)
when the line tension τ is absent. The complete wetting
occurs only when θY = 0
◦ or cos θe = cos θY = 1. We call
this completely wettable droplet on a smooth substrate
the ”free droplet.”
It is possible to discuss the spreading on a rough tex-
tured substrate as far as the liquid volume invading
into the pores of the substrate and the energy dissipa-
tion due to imbibition can be negligible [30, 42, 43]. In
the complete-wetting limit, we can consider two mod-
els. The one called Cassie penetrating (impregnating)
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FIG. 3. (a) The free droplet on a smooth substrate. (b) The
Cassie droplet of Cassie penetrating (impregnating) state,
which spreads on a composite substrate composed of the solid
substrate and the liquid precursor film filling the pores ahead
of the contact line of the droplet. (c) The Wenzel droplet
which invades the roughness of the substrate beneath the con-
tact base of the droplet.
model [30, 45] shown in Fig. 3(b) assumes that the
droplet (Cassie droplet) spreads on a composite substrate
made of the solid substrate and the liquid precursor film
filling the pores. The equilibrium contact angle θe = θC
is given by
cos θe = cos θC = φs cos θY + (1− φs) , (10)
where the fraction φs < 1 is defined through [30, 43]
φs =
∆Anon−wetted
∆Ap
, (11)
and ∆Anon−wetted is a small increase in the flat-top dry
area [Fig. 3(b)] that is sampled by the advanced three-
phase contact line, and ∆Ap is the planar projection of
that change [30, 43]. The complete wetting θC = 0
◦ is
realized only when the substrate itself is also completely
wettable (θY = 0
◦) or cos θe = cos θC = 1. We call
this completely wettable droplet of the Cassie penetrat-
ing model the ”Cassie droplet.”
Another model, called the Wenzel model [30, 42–45],
assumes that the liquid of the droplet (Wenzel droplet)
invades the texture and completely wets the inside of
the substrate beneath the droplet [Fig. 3(c)]. The equi-
librium contact angle θe = θW is given by the Wenzel
formula
cos θe = cos θW = rs cos θY (12)
with the roughness of the substrate rs defined by [30, 43]
rs =
∆Awetted
∆Ap
, (13)
where ∆Awetted is a small change in the wetted area
that is sampled by the advanced three-phase contact
line [30, 43]. In this case, the complete wetting cos θe =
rs cos θY ≥ 1 is possible even when the substrate is not
completely wettable (θY > 0
◦) as far as rs cos θY ≥ 1 or
rs > 1/ cos θY. We call this completely wettable droplet
of the Wenzel model the ”Wenzel droplet” [30] in this
paper.
As far as the equilibrium contact angle θe (= θY, θC,
θW) satisfies the complete wetting condition θe = 0, the
addition of the effect of line tension in Eq. (7) does not
alter the complete wetting condition θ′e = 0. Therefore,
the line tension acts only to accelerate the spreading to-
wards the complete wetting state. The relative impor-
tance of the surface tension (capillary) force fs and the
line tension force fl depends not only on the magnitude
of surface tension σLV and that of line tension τ but also
on the magnitude of the dynamic contact angle θ through
Eqs. (2) and (3).
When the contact angle θ becomes low, the surface
tension force for the free and the Cassie droplet becomes
fs → σLV θ
2
2
(free and Cassie) (14)
from Eq. (2) because cos θe = 1, and that for the Wenzel
droplet becomes
fs = σLV
(
rs cos θY − 1 + θ
2
2
)
→ σLV (rs cos θY − 1) (Wenzel) (15)
from Eqs. (2) and (12), which is a constant acceleration
force.
The half of the central angle φ (Fig. 1) is related to
the contact angle θ through Eq. (4), which becomes
tanφ→ − r0
r0 −Rθ (sphere) (16)
as θ → 0◦, where r0 is the droplet radius when the
droplet completely encloses the spherical substrate of ra-
dius R(< r0), which is determined from the droplet vol-
ume V0 through
V0 =
4pi
3
(
r30 −R3
)
(sphere). (17)
Similarly, from Eq. (5)
tanφ→ − r0
R− r0 θ (cavity) (18)
as θ → 0◦ for the droplet in a spherical cavity, where r0
is the droplet radius when the droplet completely wets
5the inner wall of the spherical cavity of radius R(> r0).
It is determined from the droplet volume V0 through
V0 =
4pi
3
(
R3 − r30
)
(cavity). (19)
Therefore, the line tension force fl in Eq. (3) is asymp-
totically given by
fl = − τ
R tanφ
→
∣∣∣∣r0 −Rr0
∣∣∣∣ τRθ (sphere and cavity)
(20)
for the droplet on a spherical substrate and in a spherical
cavity. A positive line tension τ > 0 always accelerates
the spreading (fl > 0).
Hence, the line tension force fl can be dominant in
the late stage of spreading when θ → 0. In this limit, the
curvature of the contact line 1/rL ∼ 1/θ diverges and the
line tension contribution to the apparent contact angle θ′e
in Eq. (6) diverges. The critical contact angle θls, when
the line-tension force becomes dominant, is determined
from fl = fs, which leads to
θls =
∣∣∣∣2r0 − Rr0
∣∣∣∣
1/3
τ˜1/3 (21)
from Eqs. (14) and (20) for the free and the Cassie
droplet, and
θls =
(∣∣∣∣r0 −Rr0
∣∣∣∣ 1(rs cos θY − 1)
)
τ˜ (22)
from Eqs. (15) and (20) for the Wenzel droplet when
τ > 0. The spreading is driven by the surface tension
force fs when the contact angle is larger than θls (θ > θls),
and it is driven by the line-tension force fl in the late
stage of spreading when θ < θls.
Note that the critical contact angle θls depends on the
scaled line tension τ˜ defined by Eq. (8). Suppose τ˜ = 0.1
and the volume of the droplet V0 is a half of the volume of
sphere (4piR3/6), for example, the radius of the droplet
is given by r0 = (3/2)
1/3
R on a spherical substrate and
r0 = (1/2)
1/3
R in a spherical cavity. Then, the critical
contact angle θls for the free and the Cassie droplet be-
comes θls ∼ 17◦ on a spherical substrate and θls ∼ 21◦
in a spherical cavity from Eq. (21). Furthermore, if the
roughness is rs = 1.6 and the Young’s contact angle is
θY = 20
◦ and, therefore, rs cos θY−1 ≃ 0.50, for example,
the critical contact angle for the Wenzel droplet becomes
θls ∼ 1.4◦ on a spherical substrate and θls ∼ 3.0◦ in a
spherical cavity from Eq. (22).
In order to study the spreading of the droplet, we use
the energy balance approach proposed by de Gennes [3]
instead of the hydrodynamic approach [60–62]. The lat-
ter approach leads to the diverging viscous energy dissi-
pation [60], which can be resolved only by introducing a
slipping length of fluid at the substrate [61, 62]. In con-
trast, the energy balance approach is more advantageous
as it simplifies the analysis without the detailed knowl-
edge of flow field within the droplet. However, the energy
balance approach is also suffered by the diverging viscous
dissipation, which can be resolved by the microscopic cut
off distance [3]. It can be easily extended to include the
frictional dissipation at the contact line [15, 37] and has
been routinely used to analyze various spreading phe-
nomena [3, 4, 11, 28–30, 63, 64].
In the energy balance approach, the work 2pirLfLU
done by the driving force fL at the contact line L with
the radius rL of the droplet and the spreading velocity
U must be balanced by various energy dissipations. In
order to make our discussion as general as possible, we
will consider not only the usual Newtonian liquids but
also the non-Newtonian power-law liquids, whose appar-
ent viscosity µ depends on the shear rate γ˙ through
µ = κγ˙n−1, (23)
where κ is a consistency coefficient [29, 63, 64]. The
power-law exponent n characterizes the non-Newtonian
liquids. When n > 1, the liquid is called shear thicken-
ing. When n < 1, it is called shear thinning. The usual
Newtonian liquids correspond to n = 1.
Similar to the driving force of spreading in Eq. (1), the
energy dissipation Σ˙ is also divided into two factors:
Σ˙ = Σ˙v + Σ˙f , (24)
where Σ˙v is the viscous dissipation due to the flow in-
duced within the bulk of the droplet, and Σ˙f is the dissi-
pation due to the friction at the contact line. This dissi-
pation Σ˙ in Eq. (24) must be compensated by the work
done by the driving force fL at the contact line given in
Eq. (1) when the spreading velocity U is low. Then the
energy balance achieves the energy balance equation,
2pirLfLU = Σ˙. (25)
Note that the radius of the contact line shrinks (rL → 0)
and θ → 0◦ as the spreading proceeds.
In this work we neglect the liquid volume within the
texture of rough substrates, and we will only consider
the viscous dissipation Σ˙v within the droplet and ne-
glect the dissipation due to the imbibition [65, 66]. Now,
the spreading droplet on a spherical substrate (Fig. 1(a))
and that in a spherical cavity (Fig. 1(b)) can be mod-
eled by a shrinking crater with a wedge-shaped meniscus
(Fig. 1(c), (d)). Then the viscous dissipation Σ˙v within
the shrinking crater is given by [29]
Σ˙v = 2piλ
(
2n+ 1
n
)n
κUn+1
θn
r2−nL , (26)
where the coefficient λ is determined from the cut-off
length r1 and r2 (Fig. 1(c),(d)) of the wedge [29].
In addition to the viscous dissipation in the bulk Σ˙v
given by Eq. (26), the friction force ζU (per unit length)
at the contact line, where ζ is a friction coefficient, gives
the additional dissipation, which is written as
Σ˙f = 2pirLζU
2, (27)
6where the friction coefficient is given by [15, 38]
ζ =
NskT
νd
(28)
from the molecular kinetic theory (MKT) [15, 36, 37],
where Ns is the number of surface sites for liquid
molecules per unit area of the substrate, kT is the ther-
mal energy at the temperature T , d is the characteristic
length of the displacement of liquid molecules by jump-
ing, and ν is the frequency of molecular displacement [15].
Since the contact line shrinks (rL → 0) as θ → 0,
we consider the energy dissipation per unit length of the
contact line instead of the total dissipation. The viscous
dissipation and the frictional dissipation per unit length
are given respectively by
Σ˙v
2pirL
= λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUn+1θ1−2n, (29)
and
Σ˙f
2pirL
= ζU2, (30)
where we have used
rL = R sinφ→
∣∣∣∣ r0r0 −RR
∣∣∣∣ θ (31)
for the late stage of spreading from Eqs. (16) and (18).
When n > 1/2 (shear thickening and shear thinning in-
cluding Newtonian liquids), the viscous dissipation Σ˙v in
Eq. (29) diverges and becomes a main dissipation chan-
nel in Eq. (24) in the late stage of spreading when θ → 0.
The critical contact angle θls, when the viscous dissipa-
tion dominates over the frictional dissipation, is deter-
mined from Σ˙v = Σ˙f , which leads to
θvf =
[
κλ
ζ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
Un−1
] 1
2n−1
,
n >
1
2
. (32)
On the other hand, when n ≤ 1/2 (shear thinning liq-
uids), the viscous dissipation in Eq. (29) vanishes as
θ → 0. Then the frictional dissipation Σ˙f in Eq. (30)
is always dominant and the critical angle θvf is absent.
For Newtonian liquids with n = 1 (> 1/2), for exam-
ple, the friction coefficient ζ is always larger than the
viscosity µ = κ and is given by ζ/κ ≈ 100− 300 [11, 37].
Suppose λ = 10 [30], the critical contact angle becomes
θvf ≈ 10◦ − 30◦. The viscous dissipation is dominant in
the late stage of spreading when θ < θvf , while the fric-
tional dissipation is dominant when θ > θvf . Although
the critical contact angle θls can be macroscopic only
when the size of the substrate R is nanoscale, the critical
contact angle θvf can be always macroscopic. Therefore,
it would be realistic to assume that θls < θvf .
The energy balance equation in Eq. (25) for the free
and the Cassie droplet is written as
σLV
(
1
2
θ2 +
∣∣∣∣r0 −Rr0
∣∣∣∣ τ˜θ
)
= λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUnθ1−2n + ζU (33)
from Eqs. (14), (20), (29), and (30) when the dynamic
contact angle θ is low.
Similarly, the energy balance equation for the Wenzel
droplet on a rough substrate is given by
σLV
(
rs cos θY − 1 +
∣∣∣∣r0 −Rr0
∣∣∣∣ τ˜θ
)
= λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUnθ1−2n + ζU (34)
from Eqs. (15), (20), (29), and (30).
For Newtonian liquids with n = 1, in particular,
Eq. (33) for the free and the Caasie droplet is written
as
U =
σLV
(
1
2
θ2 +
∣∣∣ r0−Rr0
∣∣∣ τ˜θ)
ζ + 3λκθ
. (35)
Similarly, Eq. (34) for the Wenzel droplet is written as
U =
σLV
(
rs cos θY − 1 +
∣∣∣ r0−Rr0
∣∣∣ τ˜θ)
ζ + 3λκθ
, (36)
which have to be solved numerically [11, 37].
Equations (33) and (34) are the most basic equation
of the combined theory of spreading for non-Newtonian
droplets on a spherical substrate and in a spherical cav-
ity, which include the surface tension and the line tension
as well as the viscous dissipation and the frictional dissi-
pation. The left-hand side of Eqs. (33) and (34) consists
of the work done by the surface tension force (fs) and the
line-tension force (fl), and the right-hand side consists of
the dissipation due to the viscosity (Σ˙v) within the bulk
and due to the friction at the contact line (Σ˙f). Figure 4
schematically shows the two origins of the driving force of
spreading [Fig. 4(a), (b)] and two channels of the energy
dissipation [Fig. 4(c), (d)].
In the late stage of spreading when θ < θls, the
line-tension force [Fig. 4(b)] dominates over the surface-
tension force [Fig. 4(a)) in the left hand side of Eqs. (33)
and (34). Similarly, when θ < θvf , the viscous dissipa-
tion [Fig. 4(c)] dominates over the frictional dissipation
[Fig. 4(d)] in the right hand side of Eqs. (33) and (34)
if n > 1/2. When n ≤ 1/2 (shear thinning liquid), the
frictional dissipation is always dominant. Therefore, we
can divide the spreading into four stages characterized
by two critical contact angles θls and θvf when n > 1/2
and two stages characterized by θls when n ≤ 1/2, which
will be discussed in detail in the next section.
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FIG. 4. (a) Surface-tension force fs and (b) line-tension force
fl are the two driving forces of spreading with the velocity U .
(c) Viscous dissipation Σ˙v due to the induced flow u(z) within
the bulk and (d) frictional dissipation Σ˙f by the frictional
force ζU at the contact line are the two channels of energy
dissipation. Energy balance is achieved by equating the works
done by the two driving forces and the energy dissipation by
the two channels, which is given by Eqs. (33) for the free and
the Cassie droplets, and (34) for the Wenzel droplets.
III. FOUR STAGES OF SPREADING ON A
SPHERICAL SUBSTRATE AND IN A
SPHERICAL CAVITY
It is possible to study the spreading by numerically
solving the evolution equation in Eqs. (33) and (34) of
the combined theory [11, 37]. However, it will be more
instructive to divide the spreading process into several
stages, each of which is characterized by a scaling law
and the corresponding scaling exponent [11–14].
In the early stage of spreading (stage I) when θ >
θls and θ > θvf if n > 1/2, and θ > θls if n ≤ 1/2,
the main driving force of spreading is the surface-tension
(capillary) force (fs) and the main dissipation channel is
the frictional dissipation (Σ˙f).
In the second stage (stage II) when θls > θ > θvf if
n > 1/2 or θls > θ if n ≤ 1/2, the main driving force
of spreading becomes the line-tension force (fl) but the
main dissipation channel remains the frictional dissipa-
tion. This is the final stage of spreading of the non-
Newtonian shear-thinning droplet with n ≤ 1/2. This
stage may not appear even if when θvf > θls.
In the third intermediate stage (stage III) when θvf >
θ > θls, the main driving force of spreading is the surface-
tension (capillary) force (fs) and the main dissipation
channel becomes the viscous dissipation (Σ˙v). This stage
III and the next fourth stage (stage IV) exist only when
n > 1/2. However, this stage may not appear when
θls < θvf . Therefore, the intermediate stage will be either
II or III depending on the relative magnitudes of θvf and
θls. Then, the order of the stage will be I→III→IV if
θvf > θls and I→II→IV if θvf < θls.
In the fourth stage (stage IV) when θ < θls and θ < θvf ,
the main driving force of spreading is the line-tension
force (fl) and the main dissipation channel becomes the
viscous dissipation (Σ˙v) This is the last stage of spread-
ing when n > 1/2 and was the subject of our previous
studies [28–30]. In the followings, we will summarize the
time evolution of the contact angle at each stage.
A. Stage I: θ > θls and θ > θvf
In stage I, the main driving force of spreading is
the surface tension force fs in Eq. (2) and the main
dissipation channel is the frictional dissipation Σ˙f in
Eq. (27). Note that we will not consider the prece-
dent very first stage of spreading where the inertia ef-
fect plays a substantial role [33–35]. The energy dissipa-
tion by the contact-line friction has been considered on a
flat substrate using the so-called molecular kinetic theory
(MKT) [10, 15, 36–39]. Here, we extend this MKT to the
convex and the concave spherical substrate. The energy
balance equation for the free and the Cassie droplet is
given by
σLV
1
2
θ2 = ζU (37)
from Eq. (33) for a convex and a concave spherical sub-
strate when the contact angle θ is low. Then, the spread-
ing velocity U is proportional to the square of the contact
angle, θ:
U = KIθ
2, (38)
where
KI =
σLV
2ζ
(39)
is a proportionality constant.
When the contact angle θ and, therefore, pi−φ, is low,
the spreading velocity U on a spherical substrate and in
a spherical cavity is given by [29]
U =
d
dt
Rφ = −
∣∣∣∣ r0r0 −RR
∣∣∣∣ θ˙ (40)
from Eqs. (16) and (18), where θ˙ = dθ/dt < 0. Then,
Eq. (37) is written as
θ2 = −ΓIθ˙, (41)
where
ΓI =
2ζ
σLV
∣∣∣∣ r0r0 −RR
∣∣∣∣ (42)
is the time constant of spreading in stage I.
The solution of Eq. (41) is given by
θ = θ0
(
1 + θ0
t
ΓI
)
−1
, (43)
8where θ0 is the initial contact angle at t = 0, which gives
the power law for the contact angle θ
θ ∝ t−1, (44)
and that for the contact-line radius rL given by
rL = R sinφ ∝ θ ∝ t−1 (45)
from Eqs. (16) and (18). Then, the spreading velocity
decelerates according to the power law,
U ∝ θ2 ∝ t−2 (46)
from Eq. (37). The spreading of a free and a Cassie
droplet in stage I is characterized by the usual power-law
rule [3, 5, 7, 8]. The spreading exponent does not depend
on the power-law exponent n of the non-Newtonian liq-
uids because the dissipation is due to the friction which
does not depend on n. In contrast to the spreading on
a flat substrate, where the MKT predicts the power-law
θ ∝ t−3/7 ∼ t−0.43 [10, 12], the droplet relaxes much
faster on a spherical substrate (θ ∝ t−1). This is due
to the fact that the contact line shrinks (rL ∝ θ → 0)
from Eq. (31) on a spherical substrate, while it expands
(rL ∝ θ−1/3 → ∞) [3, 5, 30] on a flat substrate. Then,
the frictional dissipation at the contact line is more ef-
fective on a spherical substrate than on a flat substrate.
The energy balance equation for the Wenzel droplet is
given by
σLV (rs cos θY − 1) = ζU (47)
from Eq. (34). The roughness gives a constant driving
force for spreading, and the spreading velocity will be
constant:
U = K ′I, (48)
with
K ′I = 2 (rs cos θY − 1)KI, (49)
where KI is defined by Eq. (39).
Equation (47) is written as
1 = −Γ′Iθ˙, (50)
with
Γ′I =
ΓI
2 (rs cos θY − 1) , (51)
where ΓI is defined by Eq. (42). The solution of Eq. (50)
is given by
θ =
t0 − t
Γ′I
, (52)
where t0 is the time when the spreading is completed.
Equation (52) gives the asymptotic forms
θ ∝ rL ∝ t0 − t. (53)
Then, the contact angle θ and the contact-line radius
rL decrease linearly with time t and the spreading ve-
locity remains a constant in accordance with Eq. (48).
Therefore, the spreading of the Wenzel droplet does not
follow the usual power law, and is much faster than the
power-law relaxation of a free and a Cassie droplet given
by Eq. (44). The spreading on a spherical substrate is
qualitatively different from that on a flat substrate.
B. Stage II: θls > θ (n ≤ 1/2), or θls > θ > θvf
(n > 1/2)
This is the final stage of spreading for shear-thinning
droplets when n ≤ 1/2 and is the intermediate stage
when n > 1/2 and θls > θvf . The main driving force is the
line-tension force fl in Eq. (20) and the main dissipation
channel remains the frictional dissipation Σ˙f in Eq. (27).
However, this stage II will appear only when θls > θvf .
This inequality may not be satisfied as the critical contact
angle θls depends on the magnitude of the scaled line
tension τ˜ and the radius R of the spherical substrate and
the cavity so that it would be very small compared to
the macroscopic critical angle θvf (θvf ≪ θls). In such
a case, the spreading consists of three stages I→III→IV
when n > 1/2.
Now, the energy balance equation in stage II is given
by
σLV
(∣∣∣∣r0 −Rr0
∣∣∣∣ τ˜θ
)
= ζU (54)
from Eqs. (33) or (34). This equation is valid for all
types of droplets (free, Cassie and Wenzel). Equation
(54) predicts
U = KIIθ
−1, (55)
with
KII =
τ
ζR
∣∣∣∣r0 −Rr0
∣∣∣∣ , (56)
where we have used the definition in Eq. (8). The spread-
ing velocity U accelerates U →∞ as θ → 0.
Using Eq. (40), Eq. (54) is written as
θ−1 =
(
−ΓIIθ˙
)
, (57)
where
ΓII =
ζ
τ
(
r0
r0 −RR
)2
(58)
is the time constant of stage II. The solution of Eq. (57)
is given by
θ =
(
2 (t0 − t)
ΓII
) 1
2
. (59)
9Then, the spreading finishes within a finite time t0 ac-
cording to
θ ∝ rL ∝ (t0 − t)
1
2 . (60)
The time evolution of the spreading velocity U is easily
obtained from Eqs. (55) and (60). It accelerates and will
diverge at the terminal time (t→ t0).
C. Stage III: θvf > θ > θls (n > 1/2)
In stage III, the main driving force is the surface ten-
sion force fs in Eq. (2) and the main dissipation is the
viscous dissipation Σ˙v in Eq. (26) characterized by the
viscosity κ and the power-law exponent n. Since this
stage III for a droplet on a spherical substrate has al-
ready been considered in our previous paper [30], and
the generalization to the droplet within a spherical cav-
ity is straightforward, we will only summarize the final
results.
The energy balance equation for the free and the Cassie
droplet is given by
σLV
1
2
θ2 = λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUnθ1−2n (61)
from Eq. (33), which gives
Un = KIIIθ
2n+1, (62)
where the proportionality constant is given by
KIII =
σLV
2κλ
(
2n+ 1
n
)
−n ∣∣∣∣ r0r0 −RR
∣∣∣∣
n−1
. (63)
Using Eq. (40), Eq. (61) is simplified to
θ2n+1 =
(
−ΓIIIθ˙
)n
, (64)
where
ΓIII =
(
2n+ 1
n
)[
2κλ
σLV
∣∣∣∣ r0r0 −RR
∣∣∣∣
] 1
n
(65)
is the time constant of stage III [30]. The solution of
Eq. (64) is given by
θ = θ0
(
1 +
n+ 1
n
θ
n+1
n
0
t
ΓIII
)
−
n
n+1
, (66)
which gives the power law
θ ∝ rL ∝ t−
n
n+1 , (67)
and a similar power law for the spreading velocity U from
Eqs. (62) and (67). The spreading of Newtonian liquid
(n = 1) on a spherical substrate, for example, is char-
acterized by the power law θ ∝ t−1/2 from Eq. (67).
This result is different from the famous Tanner’s law
θ ∝ t−3/10 ∼ t−0.33 on a flat substrate [8, 10], which
corresponds to the spreading law of stage III on a flat
substrate.
The energy balance equation for the Wenzel droplet is
given by
σLV (rs cos θY − 1) = λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUnθ1−2n
(68)
from Eq. (34), which gives
Un = K ′IIIθ
2n−1, (69)
where
K ′III = 2 (rs cos θY − 1)KIII, (70)
and the evolution equation of the contact angle θ becomes
θ2n−1 =
(
−Γ′IIIθ˙
)n
, (71)
with
Γ′III =
ΓIII
2
1
n (rs cos θY − 1)
1
n
, (72)
whose solutions are different for shear-thickening liquids
with n > 1, shear-thinning liquids with n < 1, and New-
tonian liquids with n = 1 [30]. They are summarized
as
θ =


θ0
(
1 + n−1n θ
n−1
n
0
t
Γ′
III
)− n
n−1
n > 1,
θ0 exp
(
− t
Γ′
III
)
n = 1,
(1−nn
t0−t
Γ′
III
)
n
1−n n < 1,
(73)
whose asymptotic form becomes [30]
θ ∝ rL ∝


t−
n
n−1 n > 1,
exp
(
− t
Γ′
III
)
n = 1,
(t0 − t)
n
1−n n < 1.
(74)
The corresponding asymptotic form of the spreading ve-
locity U can be easily derived from Eqs. (69) and (74),
and is also classified into three types. The power-law re-
laxation of the contact angle θ for the shear-thickening
liquids (n > 1), the exponential relaxation for the New-
tonian liquid (n = 1), and the faster spreading within
a finite time t0 for the shear-thinning liquids (n < 1)
are predicted for the Wenzel droplet on a spherical sub-
strate [30].
D. Stage IV: θ < θls and θ < θvf (n > 1/2)
In the final stage of spreading, when n > 1/2, the dy-
namic contact angle θ becomes low so that the inequali-
ties θ < θls and θ < θvf hold simultaneously. Then, the
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main driving force is the line-tension force fl in Eq. (20)
and the main dissipation is the viscous dissipation Σ˙v in
Eq. (29). The energy balance equation becomes
σLV
(∣∣∣∣r0 −Rr0
∣∣∣∣ τ˜θ
)
= λ
(
2n+ 1
n
)n ∣∣∣∣ r0r0 −RR
∣∣∣∣
1−n
κUnθ1−2n
(75)
from Eqs. (33) and (34) for the free and the Cassie droplet
as well as for the Wenzel droplet. Equation (75) predicts
a relation between the spreading velocity U and the dy-
namic contact angle θ given by
Un = KIVθ
2n−2, (76)
with
KIV =
τ
κλ
(
2n+ 1
n
)
−n ∣∣∣∣ r0r0 −RR
∣∣∣∣
n−2
. (77)
Then, the spreading velocity decelerates as θ → 0 for
shear-thickening liquids (n > 1), while it accelerates for
the shear-thinning liquids (n < 1). The spreading veloc-
ity remains constant for Newtonian liquids (n = 1).
Using Eq. (40), Eq. (75) is simplified to
θ2n−2 =
(
−ΓIVθ˙
)n
, (78)
with
ΓIV =
(
2n+ 1
n
)[
κλ
τ
(
r0
r0 −RR
)2] 1n
, (79)
which determines the time scale of spreading for the free
droplet on a completely wettable smooth substrate and
the Cassie and the Wenzel droplet on a completely wet-
table rough substrate. Note that the time scale ΓIV does
not depend on the roughness rs of the substrate. It de-
pends on the viscosity κ, the line tension τ , the power-
law exponent n, and the geometric parameters of the
radius of the substrate R and the volume of the droplet
V0 through r0. The time evolution equation in Eq. (78) is
the same as that derived for the free droplet on a spheri-
cal smooth substrate when the line-tension effect is dom-
inant [29]. Here, Eq. (78) describes the evolution of the
droplet not only on a convex spherical substrate but also
in a concave spherical cavity.
The solution of Eq. (78) is summarized as
θ =


θ0
(
1 + n−2n θ
n−2
n
0
t
ΓIV
)− n
n−2
n > 2,
θ0 exp
(
− t
ΓIV
)
n = 2,(
2−n
n
t0−t
ΓIV
) n
2−n
n < 2,
(80)
which gives the asymptotic forms
θ ∝ rL ∝


t−
n
n−2 n > 2,
exp
(
− t
ΓIV
)
n = 2,
(t0 − t)
n
2−n n < 2,
(81)
and the similar three types of spreading velocity U from
Eqs. (76) and (81). The contact angle θ and the radius rL
change linearly with time t for Newtonian liquids (n =
1). This stage IV for the droplet on a rough spherical
substrate of the Cassie and the Wenzel droplets are the
same as that for the free droplet on a smooth spherical
substrate [29].
So far, we have assumed that the line tension τ is pos-
itive and constant. However, the line tension cannot be
constant in the last stage of spreading when θ → 0 since
the effective equilibrium contact angle θ′e cannot be de-
fined since the line-tension contribution in Eq. (7) di-
verges as θ → 0 or φ → pi/2. Similarly, the line-tension
force fl in Eq. (20) diverges as the radius of contact line
shrinks (rL → 0) and the contact angle vanishes (θ → 0).
This problem is partially circumvented, for example,
by assuming that the line tension τ depends on the con-
tact angle θ [32, 54, 57–59] through
τ = τ0θ
β , (82)
where τ0 is a constant and β > 1 is another exponent
which characterizes the contact-angle dependence of line
tension τ . For example, β = 2 was derived for the grav-
itation contribution to the line tension by Herminghaus
and Brochard [54]. Then, the divergence of the left-hand
side of Eq. (75) can be avoided as far as β > 1, and
Eqs. (76) and (78) are modified to
Un = K ′IVθ
2n−2+β , (83)
θ2n−2+β =
(
−Γ′IVθ˙
)n
, (84)
where K ′IV and Γ
′
IV are those given by Eq. (77) and
Eq. (79) with τ replaced by τ0 in Eq. (82). The asymp-
totic forms in Eq. (80) are now modified to
θ ∝ rL ∝


t−
n
n−2+β n > 2− β,
exp
(
− t
Γ′
IV
)
n = 2− β,
(t0 − t)
n
2−n−β n < 2− β,
(85)
so that the exponents are also modified. A similar mod-
ification is possible for stage II, which can be the last
stage of spreading (θ → 0) when n < 1/2. Then, we
have three types of asymptotic forms similar to Eqs. (85)
instead of Eq. (60) depending on the magnitude of the
exponent β.
Mathematically, Eq. (82) is the simplest way to avoid
divergence of the line-tension effect when θ → 0. Physi-
cally, however, the existence of this stage IV when θ < θls
and θ < θvf itself is a delicate problem as the scaled line
tension τ˜ can be very small and, therefore, θls defined
by Eqs. (21) and (22) can be a microscopic atomic scale.
Then, our formulation based on the energy balance ap-
proach in Sec. II would break down because the atomic
scale cut off distance must always be introduced to calcu-
late viscous dissipation [3, 4, 28, 62, 64] and the inequality
θ < θls cannot be satisfied. Therefore, the existence of
this stage IV as well as stage II, which also requires the
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inequality θ < θls, depends on the size of the scaled line
tension τ˜ . Even if these stages II and IV exist, their ex-
perimental observation will not be easy as the size scale
will be nanoscale.
E. Spreading on a spherical substrate and in a
spherical cavity
In Table I, we summarize the exponent α which char-
acterizes the relation between the spreading velocity U
and the contact angle θ through U ∝ θα for four stages
of spreading I-IV. The spreading of the droplet follow
the stage I→II when n < 1/2 and I→II→IV if θls > θvf
or I→III→IV if θls < θvf when n > 1/2. Mid-stage II
may not appear unless the droplet and the substrate is
nanoscale. The exponent α depends on the power-law
exponent n of the non-Newtonian liquids only when the
main dissipation channel is the viscous dissipation.
TABLE I. The exponent α defined by U ∝ θα for the four
stages of spreading I-IV
Stage Free and Cassie Wenzal
I 2 0
II -1 -1
III 2n+1
n
2n−1
n
IV 2n−2
n
2n−2
n
The time evolution of the contact angle θ is summa-
rized in Table II. A free droplet and a Cassie droplet of
Newtonian liquids (n = 1), for example, evolves θ ∝ t−1
in early stage I, then it follows θ ∝ √t0 − t in statge II
or θ ∝ t−1/2 in stage III and finally θ ∝ (t0 − t) to ac-
complish complete wetting in stage IV. A popular power-
law spreading similar to the famous Tanner’s low appears
only in early stages I and III though the exponent is 1 and
1/2 instead of 3/10 of the Tanner’s law [8] or 3/7 of the
molecular kinetic theory [10] on a flat substrate. There-
fore, the spreading on a convex and a concave spherical
substrate will be generally faster than the spreading on
a flat substrate [30].
TABLE II. The time evolution of the contact angle θ for the
four stages of spreading I to IV.
Stage Free and Cassie Wenzel
I t−1 (t0 − t)
II (t0 − t)
1
2 (t0 − t)
1
2
III t−
n
n+1 t−
n
n−1 (n > 1)
exp
(
t
Γ′
III
)
(n = 1)
(r0 − t)
n
1−n (n < 1)
IV t−
n
n−2 (n > 2) t−
n
n−2 (n > 2)
exp
(
− t
ΓIV
)
(n = 2) exp
(
− t
ΓIV
)
(n = 2)
(t0 − t)
n
2−n (n < 2) (t0 − t)
n
2−n (n < 2)
The spreading of a Wenzel droplet of Newtonian liq-
uids (n = 1), for example, is faster than the free and
the Cassie droplet since the constant capillary force
σLV (rs cos θY − 1) in Eq. (15) always accelerates the
spreading. The contact angle of the Wenzel droplet of
Newtonian liquid (n = 1) decreases linearly with time
θ ∝ (t0 − t) in early stage I (Table II). Subsequently,
it decreases as θ ∝ √t0 − t in stage II or exponentially
θ ∝ exp (−t/Γ′III) in stage III. Finally, the contact angle
relaxes linearly θ ∝ (t0 − t) to θ → 0 in final stage IV.
Not only the topology (spherical symmetry) but also the
topography (roughness) accelerate [30] the spreading of
the Wenzel droplet on convex and concave spherical sub-
strates. The spreading scenario of non-Newtonian liquid
(n 6= 1) is more diverse in Table II.
Superhydrophobic surface
Spherical
substrate
Spherical
substrate
Spherical
substrate
Supporting surface
Droplet
Droplet
Droplet
(a) Placing (b) Impacting (c) Squeezing
v
FIG. 5. Three ways to realize spreading on a completely
wettable spherical substrate. (a) Placing a spherical droplet
quietly on top of the spherical substrate supported by a flat
surface. (b) Impacting a spherical droplet onto a spherical
substrate by low velocity v. (c) Squeezing a spherical sub-
strate into a spherical droplet supported by a superhydropho-
bic surface.
There exists a wealth of experimental data of spread-
ing of Newtonian as well as non-Newtonian liquids on
a flat smooth substrate [5, 64]. There also exists a
small number of experimental data on a flat rough sub-
strate [42, 43, 67, 68]. However, the problem of spreading
on a spherical substrate has attracted almost no atten-
tion so far except for few experimental studies of wetting
on a smooth [17–21] and a rough spherical substrate [69].
The experimental verification of the mathematically
simple spreading laws summarized in Table II will not
be easy for the stages II and IV as the line tension is the
main driving force and the nanometer scale droplets and
substrates will be required. However, the observation of
stages I and III will be possible as the surface tension
is the main driving force and the macroscopic droplets
and substrates can be used. In fact, there are many ex-
perimental evidences that the spreading process on flat
substrates can be divided into several stages [11–14].
Our simple spreading laws on a spherical substrate are
based on many simplifying assumptions. The key as-
sumption is that the shape of the droplet can remain
12
spherical, and the contact line can go around the equa-
tor of the substrate and cut in the lower hemisphere from
the upper hemisphere. In this late stage of complete
wetting, the substrate is almost completely engulfed in
the spherical droplet and the spreading is accompanied
by the shrinkage of the contact line as shown in Fig. 1.
However, to the best of our knowledge, most of the pre-
vious experimental studies of wetting and spreading on
a spherical substrate are concentrated on the droplet,
which starts from the north pole, and remains on the
upper hemisphere [17–21]. Naturally, the spreading in a
cavity is more difficult to study experimentally so that
only theoretical or numerical studies exist [22–27].
Recently, a droplet impacts onto a stationary solid
sphere has been studied intensively [70–72]. Although
most of the studies were done for the hydrophobic
spheres, there are a limited number of experimental data
for a hydrophilic sphere [72]. Since those studies pay
most attention to the morphology of the droplet, which
depends on the impact velocity, wettability of sphere,
and the size ratio of the droplet and sphere, no quantita-
tive data of spreading such as the spreading velocity or
the time dependence of the contact angle was reported.
However, the morphology of the late stage of spreading
on a hydrophilic spherical substrate [72] resembles the
scenario shown in Fig. 1(a). Therefore, it will be possi-
ble to confirm our spreading laws of stage I and III in the
near future. To this end, the late stage configuration in
Fig. 1(a) can be realized not only by placing or impacting
a spherical droplet on a stationary sphere [Fig. 5(a) and
5(b)] but also by squeezing a spherical substrate into a
spherical droplet supported by a super hydrophobic flat
surface [33] [Fig. 5(c)].
Although we can derive simple spreading laws even on
rough textured spherical substrates (Fig. 3) by adopt-
ing the Cassie and the Wenzel model [41–46], the exper-
imental observation of those scaling laws will be more
difficult on rough spherical substrates than on smooth
spherical substrates. In fact, all experimental studies so
far are concerned with the early stage of spreading on
rough flat substrates because the energy dissipation due
to imbibition [65, 66] will be negligible only in the early
stage [68, 73, 74]. Further efforts are certainly necessary
to understand and unify the spreading and the imbibi-
tion not only on spherical substrates on flat substrates
as well.
IV. CONCLUSION
In the present study, we considered the problem of
spreading of a droplet of non-Newtonian power-law liq-
uids on a convex spherical substrate and in a concave
spherical cavity using the energy balance approach. Not
only a smooth surface but also a rough surface is consid-
ered. The Wenzel [44] and the Cassie-Baxter [46] model
are adopted on a rough substrate. Two driving forces
of spreading by the surface tension (capillary) force and
the line-tension force are considered. The latter becomes
important only on a spherical substrate as the contact-
line radius shrinks. Also, two dissipation channels due to
the viscous dissipation within the bulk and the frictional
dissipation at the contact line are considered. The for-
mer is the main dissipation channel of the hydrodynamic
theory [3–5, 7, 8] and the latter is the main dissipation of
the molecular kinetic theory [15, 36–38]. Therefore, we
extended the combined theory of spreading [11, 12, 15]
on flat substrates to that on convex and concave spheri-
cal substrates. Furthermore, our theory includes the line
tension as the driving force of spreading.
The time evolution of the contact angle can be clas-
sified into four stages. In each stage, the dynamic con-
tact angle has a characteristic time dependence. The
time evolution can be a power-law relaxation, an expo-
nential relaxation, and a relaxation within a finite time.
Even when the time evolution is standard power-law re-
laxation, the exponent is different from those derived on
a flat substrate due to the spherical symmetry and the
shrinking contact line. Generally speaking, the spreading
on a spherical substrate is faster than that on a flat sub-
strate. The spreading of the Cassie droplet on a spherical
rough substrate is the same as that of the free droplet on
a smooth substrate. However, the spreading of the Wen-
zel droplet is faster than that of the Cassie-Baxter model
on a spherical rough substrate. All those results sum-
marized in Tables I and II reveal the diversity of topog-
raphy and topology driven spreading on a spherical sub-
strate [30] again even when the line-tension force and the
contact-line friction are included.
The experimental as well as numerical verification of
our theoretical predictions are highly desired and urgent.
The theoretical results presented in this paper are merely
a first step toward the complete understanding of spread-
ing on various complex curved substrates. Our theoret-
ical predictions together with those future experimental
and numerical results would be valuable to design and
develop new nano materials, nano devices, and new en-
gineering applications.
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